The Schrödinger equation in higher dimensions is considered. It consists of the kinetic energy part given by the corresponding Laplace operator, and a term describing the interaction with the electrostatic field of a point charge. From Rutherford-type scattering experiments one can conclude that the potential of a point charge is ϳ1/r irrespective of the dimension of the space where the experiment is carried through. Also the structure of the kinetic energy is unchanged in higher dimensions so that one is lead to the result that there exist stable atoms in higher spatial dimensions dу4. The solutions and energy eigenvalues to this Schrödinger equation in higher dimensions are presented. As a consequence, the dimensionality of space can be read off from the spectral scheme of atoms: The three-dimensionality of space is a consequence of the existence of the Lyman series. Another consequence is that the Maxwell equations in higher dimensions must be modified in order to have the 1/r-potential as solution for a point charge.
with the well-known paper of Ehrenfest 5 and has inspired many additional interesting investigations. For reviews see Refs. 6 and 7, and for a recent paper on this problem see Ref. 8 where the dimensionality of space-time has been related to physical phenomena which are accessible to experiment.
According to the analysis of Ehrenfest, see also Ref. 9 , there are statements in all papers that in higher dimensions it is not possible to have stable atoms. It is one of our purposes in this paper to show that it is indeed possible to have stable atoms in higher dimensions. The main point is that first the kinetic energy in the Schrödinger has the usual form described by the d-dimensional Laplacian and that the electrostatic interaction in the Schrödinger equation has the same form irrespective of the spatial dimension. This of course leads to modified Maxwell equations in higher dimensions. While the main characteristics of these new Maxwell equations in higher dimensions remains the same as compared with the Maxwell equations in three dimensions ͑the solutions have the same structure and the force between charges is the same as in three dimensions͒, these modified Maxwell equations do not lead to a Gaussian law for charges. This may sound strange but the results of scattering experiments, the stability of atoms in higher dimensions, and the structure of the force between charges is certainly of more basic physical content.
A second point in our paper is that the spectra of atoms are influenced by the spatial dimension. That means, as we shall show, that we can decide from a spectroscopic experiment the dimension of our configuration space. To be more concrete, the ratio of the frequencies of two distinguished spectral lines leads to a number from which we uniquely infer the threedimensionality of our space. If this ratio gives a different number we would be led to four or another number of spatial dimensions.
The most important starting point of our investigation is the structure of the Schrödinger equation in higher dimensions. One way which fixes the kinetic part of the Schrödinger equation is the quantization scheme arising from the Hamilton-Jacobi equation of a point mass which also in higher dimensions has the usual form Eϭ p 2 /2mϩV, where V is some potential energy. In addition, also from a constructive axiomatic scheme ͑see, for example, Refs. 8 or 10͒ one gets a Dirac equation in higher dimensions which nonrelativistic limit 11 necessarily possesses a kinetic term which is proportional to the Laplace operator. Therefore, any modification of this term would need a modification of the quantization scheme as well as a violation of fundamental properties ͑like unique evolution, superposition principle, finite propagation speed, etc., see, for example, Ref. 10͒ of single particle quantum systems. Since these modifications obviously changes physics drastically we do not change the structure of the usual kinetic term.
As far as the potential energy term is concerned we use results from scattering experiments to fix its form. Indeed, since the results of Rutherford-type scattering experiments are independent of the spatial dimension, we can unambiguously conclude from the experimental data, that in any dimension d the potential must be of the form ϳ1/r. This is of course consistent with the analysis of Ref. 5 that atoms with the usual kinetic energy coupled to a modified potential of the form ϳ/r dϪ2 are not stable ͑the exponent dϪ2 is due to the requirement that Gauss' law should be still valid in higher dimensions͒. Since our result for the electrostatic potential is not compatible with a Gaussian law for electrostatics, we conclude that we have to modify the structure of Maxwell's equations in higher dimensions.
Consequently, we take as general ansatz for the Hamilton operator for the hydrogen atom in higher dimensions,
where V(r) is the spherically symmetric potential given by
In comparison to other work on the problem of physics in higher dimensions, we do not consider the usual physical laws like the Maxwell equations ͑see, for example, Refs. 12 and 13͒ or the Schrödinger equation or Newton's field equations ͑see Ref. 5͒, or the Einstein equations ͑see Refs. 14-16͒ to be valid in higher dimensions and discuss physical implications of the solutions. Instead, we start with general physical properties of the class of phenomena under consideration and then try to get information of the structure of the physical laws. In general, these equations in higher dimensions are very different from the equations in three dimensions describing the same effects. An interesting approach, 17 which is in the line of our reasoning, is based on the causal structure of space-time events. It deduces the four-dimensionality of space-time from a set of axioms which do not use the notion of a differentiable manifold or of the dimensionality. Another approach having some similarities to our reasoning is given in Ref. 18 where it is shown that for a gravitational theory based on a quadratic Lagrangian the usual Newtonian limit and Huygens' principle is valid only if this theory if formulated in six space-time dimensions. In Ref. 8 , a very general approach to a generalized Dirac equation in arbitrary dimensions has been used and the dimensions of space-time has been inferred from the propagation of helicity states and from the validity of Huygen's principle. In this work we do not consider the fractal dimension; see, for example, Ref. 19 .
In earlier work [5] [6] [7] it has been shown that there are no stable hydrogen atoms in higher dimensions. Essential for that was the assumption that also in higher dimensions Maxwell's equations were assumed to be valid leading to a potential of a point charge of the form ϳ1/r dϪ2 where d is the spatial dimension. In our approach we do not assume the usual Maxwell equations to be valid. We only use the results of scattering experiments to get information about the potential of a point charge. We use this potential in Sec. III in order to solve the hydrogen atom and then show that even in higher dimensions there are stable atoms. However, from the comparison of the calculated spectrum with the observational data we are able to determine in Sec. IV the dimensionality of our space. In Sec. V we present the full set of modified Maxwell equations in order to show that even our potential violating Gauss' law is part of a consistent set of equations governing electrodynamical phenomena in a higher dimension. Though being nonlocal in general, they are still Lorentz-covariant.
II. THE POTENTIAL OF A POINT CHARGE IN HIGHER DIMENSIONS
The electrostatic potential of the atomic nucleus which we assume to be pointlike, can be determined by means of scattering processes. Indeed, using the scattering of ␣-particles at gold atoms, Rutherford was able to deduce that the electrostatic potential within an atom is the Coulomb potential. We will show that this procedure and this result is true independent of the underlying spatial dimensions. This can be seen already from the fact that the classical trajectory of a point charge in a 1/r potential does not depend on the spatial dimension so that the relation between the deflection angle and the potential also remains the same.
Starting with ͑1,2͒, conventional quantum mechanics gives the asymptotics of scattered waves according to
with e ជ ϭr ជ/r. This can be shown by calculating the Green's function in the energy representation
which results in a position dependence of the form ϳ͉r ជϪr ជЈ͉ Ϫ(dϪ2) with factors depending on the dimension d and an integration over a spherical Bessel function. The scattering amplitude is then given by
where e ជ ϭr ជ/r. In the Born approximation we have
In a scattering experiment the measured quantity is the differential cross section (e ជ ,k ជ 0 ) which is related to the scattering amplitude by
This is a relation which is independent of the dimension of the underlying space. In the Born approximation there is a one-to-one correspondence between the differential cross section and the potential V(r ជ). Therefore, by analyzing the standard Rutherford-type experiments we can uniquely conclude that a point charge, or the nucleus of a hydrogen atom, possess a potential of the form ϳr Ϫ1 , independent of the spatial dimension.
III. THE HYDROGEN ATOM IN HIGHER DIMENSIONS
We start with the Hamilton operator ͑1͒ in the external spherically symmetric potential ͑2͒ which gives, in position representation,
͓⌬Ϫϩ⑀͔ϭ, ͑7͒
where we introduced the abbreviations
The following calculations are analogous to that in three dimensions. Also, in a higher dimension we can separate the Laplace operator into a radial and an angular part:
where we introduced
With the corresponding ansatz,
we get from the Schrödinger equation in d dimensions,
Y (⌰ 2 ,...,⌰ d ) represents the spherical harmonics in d dimensions. They are eigenstates of the angular momentum operator L with the eigenvalues l(lϩdϪ2). Thus we get for the radial part of the wave function,
͑14͒
We
and assume for the potential the form
We also introduce a new variable f (rЈ) through
and get an equation for the function f:
͑18͒
This equation is valid for arbitrary d. In order to solve this equation we specify the value of ␥ by the requirement that the term ϳ1/rЈ should vanish:
This gives the two possibilities
and from ͑18͒, which is appropriate for our problem. It is clear that, in order to get no infinite terms, is not allowed to be a negative integer: Ϫ1,Ϫ2,... . Therefore we cannot use the solution ͑21͒. In addition, if the sum does not terminate, then the solution diverges for large r faster than exp( 1 2 rЈ) which leads to nonnormalizable solutions. The condition for a termination of the sum is ␤Z Ϫ , or
Here ␣Ј is connected with the energy eigenvalues ͑1,8,15͒. Therefore we get for the energy eigenvalues E,
where the principal quantum number n is given by the series
We also introduced the Rydberg constant Ry which, in general, may depend through ␣ on the dimension d. In the case dϭ3 we recover the usual expressions. Note that, in general, the principal quantum number n must not be an integer. Consequently, we have shown that for a potential of the form ϳ1/r even in higher dimensions there is a lowest energy level, that is, there are stable atoms.
IV. THE INFLUENCE OF THE DIMENSION ON THE SPECTRUM
We discuss now the spectrum of stable hydrogen atoms in higher dimensions. It is clear that the spectrum depends on the dimension d. An interesting question is whether this dependence is accessible to observations. In an experiment only the difference of two energy eigenvalues,
can be measured. For a fixed n one gets an atomic series which now depends on the dimension d. In three dimensions dϭ3 one gets for nϭ1 the Lyman series, for nϭ2 the Balmer series, for nϭ3 the Paschen series, etc. In 4 dimension, for example, according to ͑27͒ it is not possible to have nϭ1, so that in this case there is no Lyman series. In dϭ6 dimensions there is also no Balmer series. However, since the Rydberg constant Ry may depend on the dimension d in an unknown way, we are not able to draw any conclusions about the dimensionality of space from testing the atomic spectral series. Therefore we are forced to restrict ourselves to the ratio of two energy differences which is also independent of any unit conventions. In our case it is enough to take the ratio of the difference between the three lowest energy levels of one series characterized by n: Therefore we have the following experimental method at hand in order to determine the dimensionality of our space: We consider that series which belongs to the lowest energy state. From this series we take the two highest frequency spectral lines and calculate the ratio. This gives the value D(n min ). From this value we can calculate the corresponding n min and, using ͑27͒, the dimension dϭ2n min ϩ1 of our space. Here we used that in each dimension the lowest series contains only transitions with lϭkϭ0.
Because this function D(n) is one-to-one, the value of D(n)
We know from spectroscopy of the hydrogen atom that the two spectral lines coming from transitions to the lowest energy level have ͑see, for example, Ref. 21͒ 1215.67 Å and 1025.73 Å, so that D(n min )ϭ1216/1026ϭ1.18518. A comparison with the values of D(n) shows that this implies n min ϭ1, and from Eq. ͑27͒ that dϭ3. Therefore we have proven by a spectroscopic experiment that our space is three-dimensional. In other words, because we know the spectrum of the hydrogen atom we are able to determine the dimensionality of space.
We want to stress once more that it is not the stability of the atom which one may use as argument in favor of three spatial dimensions. In our approach the stability of atoms is secured in any dimension. It is only the structure of the spectral series which leads us to the conclusion that space is three-dimensional.
V. MAXWELL EQUATIONS IN HIGHER DIMENSIONS
We have seen that the electric potential of a point charge in the Schrödinger equation in higher dimensions must be of the form Uϳ1/r independent of the dimension d. Since the usual Laplacian has the same form in any dimension, the above potential cannot be a solution of the Poisson equation in dϾ3 dimensions. However, we show that it is indeed possible to present a consistent set of equations governing the electromagnetic phenomena in higher dimensions which violates no fundamental principle of electrodynamics and, in addition, possesses the above electrostatic solutions for a point charge. Of course, the structure of the Maxwell equations will be not the same as in three dimensions.
In order to determine the structure of the stationary Maxwell equation for the electric field, we use results of Riesz distributions, see, for example, Refs. 22, 23. In doing so we first define the distribution
where r as usual is the distance r
The properties of these distributions G are given by the composition law
and an explicit representation in the case of negative integers,
where ⌬ is again the Laplace operator in an arbitrary dimension, ␦ the usual Dirac delta distribution, and the star * the convolution operation.
We formally introduce operators ⌬ by
so that the following composition law holds:
͑34͒
An important special case is given by ϭ:
͑35͒
This means that G is a Green's function corresponding to the operator ⌬ * .
Now we come back to our problem of finding the field equations which are required to possess the solution ϳr Ϫ1 in any dimension d. That means that we require in any dimension G ϳ1/r which implies ϭ(dϪ1)/2. Consequently,
͑37͒
This means that the equation for the electric potential, or the generalized Poisson equation, reads as
where (x) is the charge density in d dimensions. The operator ⌬ (dϪ1)/2 replaces the Laplacian in three dimensions. In general, this operator is no differential operator.
We briefly discuss this new form of the Poisson equation in electrostatics.
͑1͒ It is possible to reformulate the field equation for the potential in terms of the electric field strength EϭϪ". For doing so we use ͑31͒ and ͑32͒:
͑39͒ so that we get as field equation for the electric field strength,
The force between two charges still has the same form as in 3 dimensions, namely f ϳq 1 q 2 /r 2 . ͑3͒ For all charge densities (x) the solution for the potential looks as usual, i.e., 1/r * . ͑4͒ In odd dimensions dϭ1,3,5,. .., the above equation reduces via ͑31͒ and ͑32͒ to a differential equation:
For a three-dimensional space, dϭ3, we get the usual Laplace equation ⌬(x)ϭϪ4(x) and in a five-dimensional space we get ⌬ 2 (x)ϭ(4) 2 (x). ͑5͒ In even dimensions, the operator ⌬ (dϪ1)/2 is no differential operator but instead a pseudodifferential operator. Therefore the corresponding field equations are pseudo-differential operator equations. These operators are nonlocal. ͑Indeed, differential operators are the only local operators acting linearly and surjective on C ϱ ; see Ref. 24 . For a physical discussion, see, for example, Ref. 25 .͒ ͑6͒ An essential difference to the usual properties of the electric field in 3 dimensions is that now the Gauss' law is no longer valid. This is easy to see by integrating the fundamental solution r Ϫ1 in an arbitrary dimension over the surface of a sphere with radius R:
where r is the unit vector in radial direction and d⍀ is the surface element in d dimensions.
The result depends on the radius of the sphere so that indeed Gauss' law does not hold. It is only in three spatial dimensions that the quantity E which plays the role of a force on a charged particle, is also that quantity which integral over the area enclosing a volume gives the total charge which acts as source of E ͑the field strength E is defined by means of the force acting on a charged particle; whether this quantity obeys a law like Gauss' law is a deduced property which holds in three dimensions͒. However, Gauss' law is valid for a quantity deduced from E, namely for Eϭ⌬
It is also straightforward to give the full set of Maxwell's equations such that their static limit give the Poisson equation discussed above: Since the covariant generalization of the Laplace operator ⌬ is given by the d'Alambert operator , the covariant generalization of Poisson's equation is
. We complete the quantities to covariant 4-vectors, namely the 4-potential A a and the 4-current j a . Then we have, using the same methods as above,
where we defined a generalized partial derivative ‫ץ‬ b ª
* ‫ץ‬ b and, as usual, the Maxwell field strength F ab ϭ‫ץ‬ a A b Ϫ‫ץ‬ b A a . We also used the Lorentz condition ‫ץ‬ a A a ϭ0. By construction, these generalization of Maxwell's equations is covariant. Also current conservation is fulfilled. For even spatial dimensions these equations are nonlocal.
To sum up: despite the fact that the mathematical structure of the equation determining the electric potential from a given charge density changes dramatically when compared with the three-dimensional case, the physical content does not change. The solution has the same form and the force between charges is the same as in three dimensions. Only Gauss' law loses its meaning. However, we think that the specific expression for the force between charged particles and the stability of atoms are of more basic physical importance than the validity of Gauss' law.
VI. SUMMARY AND DISCUSSION
To sum up, we have shown the following.
͑1͒ From Rutherford-type experiments we can conclude that the potential of the point charge in any spatial dimension must be ϳ1/r. ͑2͒ This potential leads to stable atoms in higher dimensions. ͑3͒ The dimensionality enters the atomic spectra thus making it possible to infer uniquely from atomic spectra the three dimensionality of space. ͑4͒ That the Maxwell equations have to be modified in higher dimensions in order to allow solutions of the form 1/r, leading to nonlocal equations in even spatial dimensions.
In the case that one uses the usual Maxwell equations in higher dimensions the hydrogen atom is proven to be not stable. This has been related to the fact that orbits of classical bodies in a potential derived from the usual Poisson equation in higher dimensions are not stable, as well: small perturbations of the circular orbit leads the body to fall into the central body or to leave the system. Consequently, if one wants to enlarge the above reasoning to the case of Newtonian mechanics, one has to require stable orbits, which gives the 1/r potential for gravity also in higher ⌫((dϪ1)/2)(x), where (x) is the mass density. As a consequence, also Einstein's equations should be modified in higher dimensions.
In conclusion, we want to say that our or similar considerations do not rule out the possibility of unifying physics in higher dimensions; we just restrict, from observations, the direct physical applicability of dynamical equations to three spatial dimensions.
